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Computations of Steady and Unsteady Low-Speed
Turbulent Separated Flows

Reece E. Neel,¤ Robert W. Walters,† and Roger L. Simpson‡

Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

Numerical computationsare presented for two-dimensional steady and unsteady separated � ows. The � rst case
is a low-speed, converging–diverging duct with a rapid expansion, creating a large separated � ow region. The
second case is the Massachusetts Institute of Technology � apping foil experiment, where a stationary hydrofoil is
subject to gust loading. Numerical solutions are obtained by solving the incompressible Navier–Stokes equations.
These equations are solved in a time accurate manner using the method of arti� cial compressibility. The Johnson
and King (Johnson,D. A., and King, L. S., “A MathematicallySimple Turbulence Closure Model for Attached and
Separated Turbulent Boundary Layers,” AIAA Journal, Vol. 23, No. 11, 1985, pp. 1684–1692) turbulence model
is employed for modeling the turbulent � ow. Modi� cations to the model are suggested that take into account the
normal stress production of energy and the strong adverse pressure gradient associated with separating � ows. The
performance of the Johnson and King model and its modi� cations are studied for both steady and unsteady � ow
conditions. The numerical solutions are compared to experimental data.

Nomenclature
AC = van Driest damping constant
D = near-wall damping term
D = turbulent diffusion rate
F = ratio of total turbulence energy production to

shear stress production
K = Clauser modeling constant, set to 0.0168
L = dissipation length scale
p = pressure
q2 = turbulent � ow property, u 02 C v02 C w02

u; v = mean � ow Cartesian velocities in the x and y directions
u¤ = wall shear velocity
us = turbulence model velocity scale parameter
x; y = Cartesian coordinates
yC = yu¤=º
¯ = arti� cial compressibilityparameter
° = Klebanoff’s intermittency function
1t = physical time step
1¿ = pseudotime step (nonphysical time step)
± = boundary-layer thickness
±¤ = boundary-layerdisplacement thickness
µ = contravariantvelocity
· = von Kármán’s constant
¹ = molecular viscosity
¹t = turbulent eddy viscosity
º = dynamic viscosity, ¹=½
½ = density
¾ = ratio of actual to equilibrium ¿m

¿ = Reynolds shear stress, .¡½u 0v0/
¿w = wall shear stress

Subscripts

e = boundary-layeredge conditions
eq = equilibrium conditions
i = inner part of boundary layer
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m = values of quantity where ¿ is a maximum
o = outer part of boundary layer

Superscripts

m = pseudotime level
n = physical time level
. /0 = � uctuating quantity

Introduction

R EGIONS of separated � ow are common in many engineer-
ing applications.Separation is the entire process in which the

boundary-layer � ow breaks down and departs from the wall sur-
face. This physical phenomenon can have a large impact on the
performance of any design. It is often possible to avoid separation
by placing limitations on the operating conditions. However, there
are times when separated � ow cannot be avoided and must, there-
fore, be dealt with. In these situations it is important to know and
understand the effects of separation on a particular design.

There are many turbulence models available, but very few work
well in regions of strong adverse pressure gradients or separation.
The Johnson and King1 model (JKM) is one particular formulation
that is speci� cally designed for � ows with strong adverse pressure
gradients. The model has been shown to work well inside regions
of separated � ow2 because it takes into account the nonequilib-
rium � ow development that occurs when a boundary layer changes
rapidly.

The � rst calculated test case in this paper is a low-speed diffuser
� ow studied by Simpson et al.3 and was used as a test case for
the 1980–1981 AFOSR–HTTM–Stanford conference on complex
turbulent � ows. The diffuser decelerates the � ow rapidly producing
a large adverse pressuregradient.This causes the boundary layer to
undergo massive separation. All computations are done in regions
where the � ow remains predominately two dimensional.

This same test case was used by Johnson and King1 in validat-
ing their turbulence model. Only the steady case was computed,
and the results were found to agree well with experimental data. In
their computations, Johnson and King used an inverse boundary-
layer method to solve the separated � ow region. The present pa-
per performs this same calculation except with the use of the full
incompressible Navier–Stokes equations. In the present case, all
of the boundary-layer properties are calculated, whereas in the in-
verse method some of the parameters are prescribed as part of the
boundary-layeredge conditions.

The second test case comes from an experiment performed at
the Massachusetts Institute of Technology (MIT) and is known as
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the � apping foil experiment (FFX). FFX was performed to simulate
blade loading under oscillatory conditions. The unsteady � ow� eld
acting on the blade is modeled in the experiment as a vertical or
transverse sinusoidal gust. This unsteady loading on a propeller
blade is experienced on ships as the blade rotates through the wake
created by the hull or appendage.

The � rst computationalresults of this experimentwere presented
at the March 1993 Of� ce of Naval Research/MIT Unsteady-Flow
Workshop. At this meeting, computational results were submitted
with only the experimental conditions and boundary data known
beforehand. Since then, the experimental data have been released,
and additional computations have been performed.4 – 7 A variety of
turbulencemodels were used in the computations, but the author is
unaware of any results that have previously used the JKM.

Governing Equations
The governingequations used in the numerical computationsare

the incompressible Navier–Stokes equations. These equations are
based on the conservationof mass and momentum. The Reynolds-
averaged equations in two-dimensional, Cartesian tensor form are
given as
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where u 0 is the � uctuation velocity about the mean � ow. To bring
closure to the system, the Boussinesq assumption is used to intro-
duce the eddy viscosity ¹t . The turbulent Reynolds stress is
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The solution algorithm used to solve the governing equations is
based on the scheme by Rogers and Kwak.8;9 The algorithm em-
ploys the method of arti� cial compressibility in which an arti� cial
compressibilityparameter ¯ is introduced into the continuity equa-
tion along with a time-derivative term for the pressure:
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The addition of the pseudotime-derivativeterm directly couples the
pressure and velocity. The set of governing equations (2) and (4)
become hyperbolic in space– time, which is the same form as the
compressible equations. This similarity allows the methods used
in solving the compressible equations to be directly applied to the
incompressible equations presented here. The equations are solved
by marching the solution in physical time. For steady-state solu-
tions, the pseudotime-derivative term will vanish as the solution
converges, satisfying the conservationof mass. For time-dependent
� ows, subiterationsare performed,which will satisfy continuity for
each physical time step. More details on the solution procedure can
be found in Ref. 10.

Turbulence Model
The Johnson and King turbulence model is known as a half-

equation model. It is composed of an algebraic eddy viscosity for-
mulation and a differential equation. For steady � ows, the equation
reduces to an ordinary differentialequation (ODE). The differential
equation describes the streamwise development of the maximum
Reynolds shear stress and is used to scale the eddy viscosity in the
outer portion of the boundary layer. The scaling takes into account
the nonequilibriumeffects when the � ow changes rapidly, as in the
case of a strong adverse pressure gradient. Nonequilibrium condi-
tions occur when the turbulence production no longer equals the
turbulent dissipation of energy. Under these conditions the tradi-
tional eddy viscosity models fail to correctly predict the actual � ow
physics.The JKMis speci� cally intendedto model � ows with strong
adverse pressure gradients or � ows where separation is present.

For the baseline JKM, the eddy viscosity is de� ned as

ºt D .¹t=½/ D ºt o[1 ¡ exp.¡ºti =ºto/] .5/

where ºto and ºti are the outer and inner viscosities, respectively,
and are de� ned by

ºto D ¾.x/K Ue±
¤° (6)

ºti D D2·yus (7)

This provides for a smooth blending of the inner and outer vis-
cosities. In the preceding equations, the near-wall damping term
is de� ned as D D 1 ¡ exp.¡yuD=º AC/. The velocity parameter
us is scaled on both the Reynolds shear stress and the wall shear
velocity.11 A blending between the two velocity scales is used for a
smooth transition.The equation for us is

us D u¤.1 ¡ °2/ C .¡u0v 0
m/
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where the term °2 is given as °2 D 1 ¡ exp.¡y=L c/ and u¤ is the
wall shear velocity. The term L c is given by
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and, � nally, uD is

u D D max u¤; .¡u 0v 0
m/

1
2 .10/

The subscriptm indicates that the variable is evaluatedat the y loca-
tion where the Reynolds shear stress is a maximum. The maximum
shear stress locationwill vary in the streamwise direction.The value
of AC is 15, K is 0.0168, and von Kármán’s constant · is 0.40.

The JKM requires the solution of the following differentialequa-
tion for the maximum Reynolds shear stress:
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where ¿m D .¡½u 0v 0/m and the turbulent diffusion term Dm is given
by

Dm D
Cdif.¿m=½/
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This partial differential equation will reduce to an ODE if the time-
dependent term is dropped, which is normally the case. The time-
derivative term is left here to study the effect it has on time-accurate
solutions.The variable ¿m;eq represents the equilibrium value of the
maximum Reynolds shear stress and is found by setting ¾ .x/ D 1.

In the preceding equations, Cdif is a modeling constant taken as
0.5 and Lm is a dissipation length scale. This length scale is based
on the maximum Reynolds shear stress height for the inner region
and the boundary-layer thickness for the outer region. The values
for Lm are

Lm D 0:4ym ; ym =± · 0:225 (13)

Lm D 0:09±; ym=± > 0:225 (14)

The differential equation is used to control the value of ¾ at each
streamwise location in the � ow. Therefore, only ºto is affected by
the solution of the differential equation. This makes the outer eddy
viscosity strongly dependent on the development of the Reynolds
shear stress instead of just the mean velocity pro� le. The eddy vis-
cositymodel is used to determinethe shearstress,and the differential
equation is then used to control the level of the shear stress through
the ¾ parameter. At each x location, a value of ¾ is used to scale
Eq. (6) such that the following relationship is satis� ed:

ºt;m D .¡u 0v0/m

.@u=@y/m
.15/

This relationshipcan be satis� ed by updating¾.x/ for each iteration
by the following equation:

¾ .x/n C 1 D ¾.x/n ¿m ;ODE

¿m ;actual
.16/
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Modi� cations to the JKM
Modi� cations made to the baseline Johnson and King turbulence

model are now discussed. These modi� cations are either changes
made to the existing turbulence model or additional terms added to
the JKM. A change is also proposed to the modelingof the Reynolds
normal stress in the momentum equations. All of these modi� ca-
tions fall into three categories(discussedsubsequently), which help
clarify the presentationof each change or addition made.

Changeswill � rst bepresentedthatdealwith theouter regioneddy
viscosity model. These changes will focus on the differential equa-
tionused to compute the scalingparameter¾ . Next an additionto the
turbulence modeling is suggested that is independent of the JKM.
This new term is a model for the normal stress that appears in the
x-momentum equation after Reynolds averaging. Finally, changes
to the inner region will be discussed. A new velocity scale will be
proposed, along with a term that is added to the inner model. The
added term will focus on effects from the pressure gradient.

Outer Region JKM
It has been observedfrom experiment3 that the normal stress pro-

duction term becomes important in regions of strong adverse pres-
sure gradient and separation. In these regions, the normal stresses
can contribute as much as 30% or more of the total turbulent energy
production. The ratio of the total turbulence energy production to
shear stress production is de� ned as

F D 1 ¡ .u02 ¡ v 02/@U=@x

¡u 0v 0@U=@y
.17/

Shiloh et al.12 use the F factor at ¡u0v 0
m to make the followingcor-

relation between the Reynolds shear stress and the turbulent kinetic
energy (TKE):
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where ® is best approximated by 1.25 from experimental obser-
vations.12 An expressionis also givenfor the normal stressesrelating
F and q2 as
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Using Eqs. (17–19), F can be rewritten as the following:
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where the ratio C2=A2 was determined from experiment12 to have
an average value of 2.79.

The equation for the maximum Reynolds shear stress as given in
Eqs. (11) and (12) does not take into account production from the
normal stresses, but only the shear stresses. To include the normal
stress terms, several modi� cations are made to Eq. (11). Johnson
and King used the assumption that ¿m =.½km/ D 0:25, which leaves
out the F factor. In this work, the following substitution is made
instead:

¿m =.½km / D 2A2 F® .21/

where again A2 has the value of 0.15. The second modi� cation is
in the shear production term given by .¿m=½/@U=@y. This term can
be multiplied by the F factor to take into account the normal stress
contributions to the production, giving
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These corrections are made to Eq. (11), which can now be written
as
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where the time-dependent term has been dropped for simplicity. It
was observed that this modi� cation,when used throughoutthe � ow,
caused separationto occur earlier than the baseline JKM. If Eq. (23)
was used only when back� ow was present, then the model had less
impact on the detachment location (C f D 0) and more emphasis on
the back� ow region. Therefore, the modi� ed ODE was used in the
JKM only in the separated regions where back� ow was present.

Momentum Equation
Another location where the normal stresses can be consid-

ered is in the Reynolds-averaged Navier–Stokes equations. In the
x-momentumequation,two termsappearafterperformingReynolds
averaging.These two terms appearon the left-handside of the equa-
tion as

@.¡u0v 0/

@y
C @.¡u 02/

@x
.24/

and can be considered as the gradient of the apparent shearing and
normalstresses, respectively.A new approximationis made to better
model the normal stress effects. From Eqs. (18) and (19), an expres-
sion can be formed for the normal stress term. For strong adverse
pressure gradients and separated � ows, the following equation is
given:

u 02 ¡ v 02 D .C2=A2/F.¡u 0v0/ .25/

Observing the experimental data for the present diffuser � ow being
studied, the normal stresses from u are around 60% larger than those
stresses from v (Ref. 12). It is also observed that the normal stresses
only become large in the outer portion of the boundary layer.13

Using these two observations, the following model was made for
the normal stress term:
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The normal stress contributionsfrom this model are added to all lo-
cations above the maximum Reynolds shear stress location ym and
set to zero for all locations below it. This was done to be consistent
with the experimental observation that the normal stresses are im-
portant in the vicinity of the maximum shear stress and above but
become small compared to the shear stresses below this location.

Inner Region JKM
The inner region velocity scale parameterus was originallyset to

.¡u 0v0
m /1=2 by JohnsonandKing1 butwas latermodi� edby Johnson

and Coakley11 to improve the near-wall pro� les. This modi� cation
to the turbulence model, which is given by Eq. (8), was used in
the present computations as the baseline JKM. The term us was
improved by Johnson and Coakley, making it a function of the pa-
rameters u¤ and .¡u 0v 0

m /1=2. The reason for the improvementis due
to thegrowth of .¡u 0v 0

m/1=2 as separationis reached,givinga higher
value for ¹ti . The wall shear velocity will not grow in magnitude
due to separation, making a combination of the two parameters a
better choice for the velocity scale. It was found that changing the
value of us can have a large impact on the pro� les and the detach-
ment location. It is not clear what the best parameter is for the inner
region velocity scale that will capture the physics of the � ow, but it
was observed that the local value of the Reynolds shear stress could
be used instead of a constant maximum value.14

The secondmodi� cationto theinnereddyviscosityis basedon the
pressure gradient. To develop a relation that involves the pressure,
it is helpful to start with the mean � ow momentum equation for
steady, two-dimensional � ow, which is written as
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Coles integrated this equation (as described in Ref. 15) with respect
to yC to give the following:
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where h.yC/ D .u=u¤/. Solving for the turbulent shear stress and
keeping all of the terms gives the following equation:

¿t D ¿w 1 C
y
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0

h2.yC/ dyC ¡ ¿l .29/

For most � ows, it is common to neglect the pressure gradient and
the integral term. Also note that, for the inner logarithmic region, ¿l

is much smaller than the turbulent stress ¿t . If these three terms are
neglected, then what remains is simply ¿t D ¿w . This approximation
forms the basis for most algebraic turbulence models, such as the
Baldwin–Lomax model (BLM), the Cebeci–Smith model, and even
the JKM. Insteadof neglectingthepressuregradienttermin Eq. (29),
it will be kept intact to see the impact on the inner region model.

The eddy viscosity formulation states that ¿t D ¹t @U=@y. The
velocity gradient in the log region can be replaced with .u¤=·y/,
which comes from the law of the wall. With these substitutions
and neglecting the integral and laminar viscosity terms, Eq. (29)
becomes

¹t D ·½u¤ y C ·½u¤ y
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If the � rst term on the right-hand side is multiplied by the near-wall
damping term D and the velocity scale parameter is substituted in
for u¤, then this term becomes the inner eddy viscosity for the JKM.
The second term is multiplied by the wall damping term as well to
give the following equation for the inner eddy viscosity:

ºti D ºti .JKM/ C ·u¤ yD
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where the equation was divided through by the density. Note that
the additional term in Eq. (31) was made based on law-of-the-wall
assumptions. For this reason, the pressure term is set to zero inside
the back� ow region, where the law of the wall is not valid. It was
also found that when using the additional pressure gradient term,
the wall shear velocity was the best choice for us .

Computed Results: Diffuser
The results presented here are for the steady low-speed diffuser

� ow. The lengthof theexperimentaltest sectionwas 7.62m. Figure1
shows a diagram of the computationalregion.From experiment, the
fully developed separation location occurs at 3.55 m. The separated
regioncontinuesto growandremainsstronglytwo dimensionalup to
4.34 m. At this streamwise location,the � ow is still separatedand the
boundarylayeroccupiesover60% of the test sectionheight.Because
of the three-dimensionalnature of the � ow beyond this location, the
computational domain ends at this location. The Reynolds number
based on the entrance conditions is 9:6 £ 106/m.

The computational grid for this � ow consisted of 80 cells in
the streamwise direction and 100 cells in the direction normal
to the � ow. A grid convergence study was performed using the
following grid dimensions: (81 £ 51), (81 £ 101), (101 £ 81), and
(161 £ 101). Parameters such as the boundary-layer edge velocity,
the skin-frictioncoef� cient, and velocitypro� les in the separatedre-
gion were compared, with the conclusion that the (81 £ 101) mesh
provided the necessary resolution. The clustering of cells next to

Fig. 1 Computational domain for the low-speed diffuser.

the viscous wall was done such that the smallest value of yC was
less than one. The upper wall boundary was treated as a streamline,
which was determinedat the time of the experiment.The lower wall
was treated with the no-slip condition. The in� ow boundary used
the u and v experimental data to set the velocity pro� le. Pressure at
the in� ow was extracted from the interior cells. The out� ow bound-
ary for the diffuser was slightly more complex because it occurred
inside the separated region. Where the � ow was reversed and en-
tered back into the domain (back� ow velocity), the experimental
data was used. When the � ow was not reversed and was leaving the
exit boundary, extrapolation of the boundary values from the inte-
rior cells was performed such that the continuitive condition was
used (@u=@x D 0). The computational results that follow were cal-
culated using third-order accurate � ux differencing for the interior
cell faces.

Results for the steady � ow case are presented in Figs. 2–6. In all
of the steady case plots, the experimental data are presented with
the baseline JKM and BLM16 turbulencemodel. The BLM is shown
here for comparison and reveals the typical behavior of an equilib-
rium eddy viscosity formulation.Along with these two models, the
modi� cations presented in the preceding section are also shown for
the JKM. The modi� ed JKM consists of the new ODE, Eq. (23),
applied in the detached � ow zone, the changes to the velocity scale
parameter, and the inner eddy viscosity term given in Eq. (31). The
normal stress model (26) for the x-momentum equation was not in-
cluded with the other modi� cations. It was found from implement-
ing the model with the baseline JKM that no noticeable improve-
ments occurred. The eddy viscosity formulation for the Reynolds

Fig. 2 Friction coef� cient for the steady diffuser case.

Fig. 3 Comparison of the steady diffuser boundary-layer pro� le at
3.01 m.
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Fig. 4 Semilog scale comparison of the steady diffuser boundary-layer
pro� le at 3.01 m.

Fig. 5 Comparisons of the steady diffuser boundary-layer pro� le at
3.42 m.

Fig. 6 Comparisons of the steady diffuser boundary-layer pro� le at
3.97 m.

shear stress dominated the turbulence modeling throughout the
diffuser, and the effects from the normal stress model were not
seen.

The skin-friction coef� cient is shown in Fig. 2 Additional skin-
friction values from other sources are also presented in Fig. 2 for
comparison. The results from Pletcher et al. and Mellor et al. are
taken from Ref. 17. The turbulence model used by Pletcher et al.
(see Ref. 17) was based on a one-half equation model, where the

velocity and length scales for the outer region are obtained from
the TKE equation and an additional auxiliary equation. The tur-
bulence model implemented by Mellor et al. used a � ve-equation
Reynolds stress model. Results from Hytopoulos18 are from a half-
equation turbulence model based on Prandtl’s mixing length. In a
similar fashion to the JKM, the Hytopoulosmodel used an auxiliary
equation to solve for the maximum Reynolds shear stress, which
was then used to scale the Reynolds stress in the outer portionof the
viscousshear layer.The resultsshow that � ow detachmentis not eas-
ily predicted, and only two of the models are close to predicting the
separationlocationcorrectly, the modi� ed JKM and the Hytopoulos
model.

The baseline JKM predicted C f well for most of the � ow lead-
ing up to the strong adverse pressure gradient. Near detachment,
the baseline model tended to underpredictC f , resulting in an early
detachment location. The JKM modi� cations had a large impact on
C f . As the adversepressuregradient increased,the skin-frictionval-
ues did not decrease as fast as the experiment showed. Values of C f

remained high up to separation,where C f then decreased rapidly to
zero. This effect on C f came mainly from the inner region pressure
gradient term and the use of u¤ as the velocity scale. These changes
had a large impact on the eddy viscosity production near the wall,
where C f is sensitive to the velocity gradients. As separation ap-
proached, the pressure gradient tended to decrease as well, limiting
the effect it had on the inner boundary layer region and causing the
skin friction to go to zero rather rapidly. The increase in eddy vis-
cosity productionnear the wall during the adversepressuregradient
caused the modi� ed JKM to have less favorable agreementwith the
C f data for that region, but it did delay the separation location, al-
lowing good correlation with experiment farther downstream. The
separation location occurred at 3.45 m for the modi� ed JKM and
3.30 m for the baseline model. The addition of the pressure term
in Eq. (31) had a large effect on moving the detachment location
downstream, making the modi� ed JKM have the closest agreement
with experiment for the separation location of 3.55 m.

The mean velocity pro� les at three streamwise locations are pre-
sented in Figs. 3–6. The pro� les in Figs. 3 and 4 are in the region
leading up to detachment, where the pressure gradient has become
strong. In the experimental calculations, the normal stress terms at
this location make up over 40% of the total production of energy.
Figure 5 shows the mean velocitypro� le just before the detachment
point, whereas Fig. 6 shows a velocity pro� le inside the back� ow
region.

The inner region modi� cation to the JKM improved the velocity
pro� le in the region leading up to � ow detachment. It was in this
region of the � ow that the best improvement over the baseline JKM
was found. A semilog plot of the velocityat 3.01 m is given in Fig. 4
to show how strong an effect the pressure gradient had on the inner
region pro� le. The modi� ed JKM follows the experimental data
much more closely near the wall due to the added viscosity from
Eq. (31). In the regionafter thedetachmentlocation,thebaselineand
modi� ed models gave very similar pro� les, both of which agreed
well with the experimental data.

Computed Results: FFX
The FFX was designedto producea two-dimensional� ow around

a stationaryhydrofoil.A diagramof the experimentalsetup is shown
in Fig. 7, where all dimensionshavebeennondimensionalizedby the
chord length. The vertical gusts imposed on the stationaryhydrofoil
were generatedby two smallerhydrofoilsknownas the � appers.The
� apperswould undergoan oscillatorymotion in which both � appers
would rotate in phase. The sinusoidal gust loading imposed on the
stationary foil was created by the vortex sheets being shed from the
� appers. For more details on the experiment, see Refs. 19–21.

The upstreamlocationof the experimentaldata in both the steady
and unsteady computations is indicated by a dashed line in Fig. 7.
This line of data is 0.259 chord lengths in front of the foil lead-
ing edge and � xes the in� ow boundary location for the numerical
simulation. The exit boundary location for both cases is located
one chord length downstream from the foil trailing edge. The side
walls of the computational domain were treated with the tangency
boundary condition, whereas the out� ow boundary used the con-
tinuitive condition. For the computational results that follow, an
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Fig. 7 Flapping foil experimental setup.

Fig. 8 FFX steady case velocity pro� le at x/c = 0:972.

O grid was chosen for both the steady and unsteady cases. The grid
has one direction of grid lines that begins on the hydrofoil surface
and extend to the outer boundary,whereas the second grid direction
forms a closed loop around the hydrofoil.A grid convergencestudy
was performed using the following grids: (101 £ 81), (121 £ 101),
(121 £ 121), and (141 £ 101). The boundary-layer displacement
thickness, the boundary-layer edge velocity, and boundary-layer
pro� les were used to compare the grids. The (121 £ 101) mesh was
chosen for use in the following computational results.

Steady Flow Case
All cases were computed using ¯ D 1000 and a Courant–

Friedrichs–Lewy numberof 30. For each iteration,two sweepswere
done around the airfoil, one in the clockwise direction followed by
a sweep in the opposite direction. The compressibility parameter
¯ was varied from 500 to 5000 to see whether any changes in the
solution occurred, but none were observed. For the JKMs, ¾ was
allowed to start varying after the transition location. The lower (or
pressure) surface was computed using equilibrium conditions.

Two boundary-layer pro� les for the suction side are presented
in Figs. 8 and 9. For each pro� le, the BLM overpredicted the eddy
viscosity, which resulted in a thicker boundary layer. Both JKMs
do an excellent job of predicting the boundary-layer pro� les. For
the pro� les up to x=c D 0:900 (not shown), the correlation with
experimental data was very good. For the region near the trailing
edge, the baseline model does a better job overall of predicting
the velocity. Near the wall, the modi� ed JKM has an increased

Fig. 9 FFX steady case velocity semilog pro� le at x/c = 1:00.

prediction of eddy viscosity. This is mainly a result of the pressure
term added to the inner JKM model. As observed from the diffuser
case, the pressure term tends to delay the detachment point. This
was an improvement for the diffuser case but is not as necessary for
the � apping foil problem discussed here.

The last pro� le at x=c D 1:00 shows the impact of the adverse
pressure gradient that exists on the suction side. The � ow has reat-
tached at this point, but the velocity pro� le still reveals some back-
� ow velocity. This type of � ow presents a challenge to any turbu-
lencemodel, yet the baselineJKM does an excellentjob ofmatching
the experimental data. To show the near-wall region even better, a
semilog plot of the pro� le is given in Fig. 9.

Unsteady Flow Case
To make comparisonswith the experimentaldata for the unsteady

case, a Fourier analysis was performed. This allows the amplitude
and phases of the harmonics to be calculated,along with their mean
value. A more complete discussion of this can be found in Ref. 5.

For the time-accurate calculations, a time step was taken equiv-
alent to one phase (180 phases per cycle). Several runs were made
with the baseline model in which the number of subiterations was
set to 50, 70, 100, and 140. This was done to test the number of inner
iterations needed to be performed to properly satisfy conservation
of mass. The solutions showed that 100 subiterations per physical
time step were more than enough to properly satisfy continuity.
The norm of the continuity equation was reduced to 10¡4 or less.
The parameter ¯ was again held at 1000 as in the steady case, and
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Fig. 10 Unsteady FFX mean velocity pro� les at x/c = 0:900.

Fig. 11 Unsteady FFX mean velocity pro� les at x/c = 1:00.

the pseudotime step was set to a very large number (1¿ D 1 £ 1012)
to ensure mass conservation for time accuracy.

The mean tangential boundary-layer velocity pro� les are given
in Figs. 10 and 11 for two stations along the upper foil surface.
The amplitude and phase information at a single location is plot-
ted in Figs. 12 and 13. In addition to the Baldwin–Lomax and
Johnson–King turbulence models, computational results from Ho
and Lakshminarayana22 using the two-equation k–² model are pre-
sented.

The baselineJKM had thebestoverall agreementwith experiment
for the mean velocity pro� les. There are not as many experimental
data points near the wall, but the baseline JKM seems to predict
the correct amount of mean back� ow velocity at x=c of 1.000. In
the steady case, the modi� ed JKM had similar performance to the
baseline model for most of the pro� les, but this was not the trend in
the unsteady case. The modi� ed model predicted higher velocities
compared to experiment for most every location, especiallynear the
trailing edge. The displacement thickness for the modi� ed model
tended to be closerto the BLM prediction.Neither themodi� ed JKM
nor BLM captured any of the back� ow velocity that was occurring
at the trailing edge. The k–² model was the next closest model after
the baseline JKM to agree with experiment.

For the pro� les near the trailing edge, a distinct phase shift oc-
curs near the edge of the boundary layer. This shift in the phase

Fig. 12 Unsteady FFX amplitude data at x/c = 0:990.

Fig. 13 Unsteady FFX phase data at x/c = 0:990.

is also seen in the computational results. The modi� ed JKM ap-
pears to have better agreement with the experiment than the base-
line model. At the edge of the boundary layer, the baseline JKM is
leading all of the other models and experimentaldata.Near the wall,
both models tend to have a phase lead over the experimental data,
but again the baseline model has the largest phase lead. The over-
all trend seen in the experiment for the amplitude data is re� ected
in the computationsas well. The modi� ed JKM had larger peaks in
the amplitude over the baseline model. This increased sensitivity to
the unsteady � ow may be a large result of the inner eddy viscosity
model being a function of the pressure gradient.

The time-dependent term in the Johnson and King differential
equation was observed to have no effect on the velocity pro� les in
FFX, but a differencedid appear near the trailing edge in the ampli-
tude and phase plots. In Figs. 12 and 13, the baseline JKM without
the time-dependent term given in Eq. (11) is plotted along with the
other models. A larger phase differencenear the wall appears to oc-
cur when the time-dependentReynolds shear stress is not included
in the differential equation. This was the only effect observed by
removing the time dependency in the JKM.

Conclusions
The Johnson and King turbulence model was used to com-

pare computational results with experimental data for a low-speed
diffuser � ow and the MIT FFX. Modi� cations were made to the
model concerning the normal stress production in the differential
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equation, and a model was also suggested for the Reynolds normal
stress term in the momentum equation.In addition to these changes,
a term was added to the inner region eddy viscosity model based
on the pressuregradient.A different velocity scaling parameterwas
also suggestedbased on the local value of the Reynolds shear stress.

For the unsteady � ow, the JKM had a time-dependent term as-
sociated with the differential equation used to scale the outer eddy
viscosity. This time-dependent term was observed to have no im-
pact on the velocitypro� les in the FFX unsteady test case.However,
the time dependency in the model did have an effect on the phase
angle and amplitude for the boundary-layerpro� les, but only in the
vicinity of separation. The time dependency in the JKM auxiliary
equation does not appear to be very important for determining the
Reynolds-averagedmean � ow values.

The largest impact to the JKM from the modi� cations was from
the incorporation of a pressure gradient term into the inner eddy
viscosity model. For the steady diffuser case, the changes to the
model predicted � ow detachment farther downstream, which com-
pared more favorably with experiment. For the � apping foil case,
the same effect also occurred such that the � ow remained attached
at the trailing edge instead of separating.For the unsteady� ows, the
pressure gradient term increased the sensitivity of the turbulence
model to the unsteady � ow� eld, resulting in higher amplitudes in
the velocity pro� les.

For the normal stress model, which appears in the Reynolds-
averagedx-momentumequation,a new modelwas formulated.Both
the diffuserand FFX cases were calculatedwith the new model. The
changes made to the turbulence modeling did not have any signif-
icant impact on the computational results for either test case. It
appeared that the eddy viscosity model for the apparent Reynolds
shear stress term dominated the turbulencemodeling and prevented
the new normal stress model from making any signi� cant contribu-
tions to the mean � ow� eld.

The Johnson and King turbulence model, along with a modi� ed
versionof the model, was demonstrated for two test cases involving
strong adverse pressuregradients and separation.The original JKM
correlated well with experimental data in both steady and unsteady
� ow conditions.The performanceof this model from the time of its
development to the present has continuedto con� rm that this model
performs well for � ows with separation. The modi� ed version of
this model was developed as an attempt to incorporate more of the
� ow physics of separated � ow into the original formulation of the
JohnsonandKing turbulencemodel. For the two test casespresented
here, the modi� ed JKM did not prove to be superior to the original
JKM. In fact, for the unsteady � ow test case, the modi� ed version
appeared to be inferior to the original model. The modi� cations,
therefore, did not greatly improve the JKM. Instead, ideas were
presented on how to modify turbulence models such as the JKM
with hopes of improving turbulent � ow calculations.
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